In this paper, we derive the second variation formulas of volume for minimal immersions into Finsler manifolds and apply them to study the stability of minimal submanifolds. Then we prove that all minimal graphs in Minkowski (n + 1)-space are stable. Furthermore, we obtain a Bernstein type theorem in Minkowski (n + 1)-space by improving Bernstein type theorems in Euclidean space and give an example of unstable minimal surface in Minkowski 3-space.
show that a helicoidal surface is minimal not only in Euclidean 3-space but also in (α, β)-Minkowski space (Ṽ 3 ,αφ(β α )) (Example 1). By these facts, we give an example of unstable minimal surface in (α, β)-Minkowski spaces (Example 2).
Volume forms and minimal immersions
Let (M, F ) be an n-dimensional smooth Finsler manifold. The natural projection π : T M → M gives rise to the pull-back bundle π * T M and its dual π * T * M. Let (x, y) be a point of T M with x ∈ M, y ∈ T x M, and (x i , y i ) be the local coordinates on T M with y = y i ∂/∂x i . We shall work on T M \ {0} and rigidly use only objects that are invariant under positive rescaling in y, so that one may view them as objects on the projective sphere bundle S M using homogeneous coordinates. The following quantities g ij := 
. m(> n).
The simplest Finsler manifolds are Minkowski spaces, on which the metric function F is independent of x.
In π * T * M there is a global section ω = 
The collection {ω i , ω n+i } forms an orthonormal basis on T * (T M \ {0}) with respect to the Sasaki-type metric g ij dx
Thus, the volume element dV S M of S M with the metricĝ is given by
where
The volume form of a Finsler n-manifold (M, F ) is defined by
where c n−1 denotes the volume of the unit 
The curvature 2-forms of the Chern connection ∇ are (2.11) and obviously ∇ l = b ∇ l . It has been shown in [3] that the divergence of 1-form φ = φ i dx i on S M can be expressed by 13) where ν = det(g ij ).
Denote the corresponding vector field of X on the horizontal bundle by X
, and define the vertical mean value operator μ ⊥ : 
The first formula of (2.19) can be rewritten as 
with respect tog and let
which are both called the normal bundle of f [6] . Set
which is called the mean curvature form of f . It is known from [5] 
Recall that for an isometric immersion f we have (see formulas (2.14) and (3.14) of Chapter V in [8] )
where φ 
⊥ be the orthogonal projection with respect tog and denote 
By a direct computation we have the following
28)
for any X ∈ Γ (π * T M), whereR and R are the Riemannian curvature tensors ofM and M respectively, which are defined by (2.10).
The second variation formula
Assume D ⊂ M is any compact domain. Let f t : M →M, t ∈ (−ε, ε), be a smooth variation of f with f 0 = f and
The first variation formula of the volume for D ⊂ M is (see [5] 
By 
where 
On the other hand, since [Ñ α β ]˜yσ =B α βσ , we havẽ
The flag curvature tensor and the Landsberg curvature tensor can be expressed as
From (2.19) and (2.27), we havẽ
, which is a 1-form on the fibre S x M. Then from (2.13), we obtain
Therefore, (3.6) can be rewritten as 
Definition 3.1. A minimal immersion f is called stable if the second variation of volume is always nonnegative with respect to all smooth variations that are compactly supported in M.
If f is totally geodesic, i.e.h = 0, we see from (2.28) thatR(df X) = df R(X) and (3.10) becomes 
Stable minimal hypersurfaces of Minkowski space
In what follows, we assume that (Ṽ n+1 ,F ) is an (n + 1)-dimensional Minkowski space and {ẽ α } is an orthonormal basis ofṼ n+1 with respect to a Euclidean metricF 0 . 
Since M is minimal and ψ X i i v is independent of y, (4.1) can be rewritten as
Taking into account det(g ij ) = a λ 2 det(g αβ ) [9] , we know that f is minimal if and only if
where (4.9) respectively. It is easy to verify that 
Now assume that M is a graph ofṼ n+1 defined by Proof. From (4.12), we know that
On the other hand, using (4.9) and u ij G ij = 0, we get
From (4.10), we have
where k > 0 is a constant. A direct computation shows that
) + c − 1 and q 0. By using these values and the fact that ε may be small enough, we obtain from (5.3) and (5.11) that
where C 2 is a constant depending on q. Now we use the arbitrariness of f to replace f by f 2q+4−k 2 in (5.12) and obtain recaptures the main result in [11] when k = 2, and holds for n 7 when k = 3, which is an extension of the main result in [12] .
As an application of Theorem 1 or Proposition 4. 
